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Abstract 


We show that the centered maximum of a sequence of log-correlated Gaussian fields in any 
dimension converges in distribution, under the assumption that the covariances of the fields 
converge in a suitable sense. We identify the limit as a randomly shifted Gumbel distribution, 
and characterize the random shift as the limit in distribution of a sequence of random variables, 
reminiscent of the derivative martingale in the theory of Branching Random Walk and Gaussian 
Ghaos. We also discuss applications of the main convergence theorem and discuss examples that 
show that for logarithmically correlated fields, some additional structural assumptions of the 
type we make are needed for convergence of the centered maximum. 

1 Introduction 

The convergence in law for the centered maximum of various log-correlated Gaussian fields, includ¬ 
ing branching Brownian motion (BBM), branching random walk (BRW), two-dimensional discrete 
Gaussian free field (DGFF), etc., has recently been the focus of intensive study. Of greatest rel¬ 
evance to the current paper are m 0 [3 ttzi I19j . Historically, the first result showing the correct 
centering and the tightness of the centered maximum for BBM appears in the pioneering work [5], 
followed by the proof of convergence of the law of the centered maximum [6] ; the latter proof relied 
heavily on the F-KPP equation [a US] describing the evolution of the distribution of the maxi¬ 
mum. A probabilistic description of the limit was obtained in using the notion of derivative 
martingale that they introduce. Convergence for the centered maximum of BRW with Gaussian 
increments was obtained in [2], while the analogous result for general BRWs under mild assump¬ 
tions was only obtained quite recently in the important work [T], using the notion of derivative 
martingale to describe the limit; see also [8]. 

When no explicit tree structure is present, exact results concerning the convergence in distri¬ 
bution of the maximum of Gaussian fields is harder to establish. Recently, much progress has been 
achieved in this direction: first, the two-dimensional DGFF was treated in [3, where convergence 
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in distribution of the centered maximum to a randomly shifted Gumbel random variable is estab¬ 
lished. The same result is obtained in m for a general class of log-correlated fields, the so called 
*-scale invariant models, where the covariances of the fields admit a certain kernel representation. 
In the current paper, we extend in a systematic way the class of logarithmically correlated fields 
for which the same result holds. Our methods are inspired by [7], which in turn rely heavily on the 
modified second moment method, the modified BRW introduced in [9], tail estimates proved for 
the DGFF in m, and Gaussian comparisons. 

We now introduce the class of fields considered in the paper. Fix d E N and let Vn = 
be the d-dimensional box of side length N with the left bottom corner located at the origin. For 
convenience, we consider a suitably normalized version of Gaussian fields {(pN,v ■ v E Vn} satisfying 
the following. 

(A.O) (Logarithmically bounded fields) There exists a constant oq > 0 such that for all 
u,v e Vn, 


and 


Var ipN,v < log -I- oq 


- (pN,u)‘^ < 2 log+ |u - u| - I Var ipN,v - Var (pN,u\ + 4ao, 


where | • | denotes the Euclidean norm and log_|_ x = log x V 0. Note that Assumption (A.O) is rather 
mild and in particular is satisfied by the two-dimensional DGFF and *-scale invariant models. It 
is however strong enough to provide an a-priori tight estimate on the right tail of the distribution 
of the maximum. 

Set Mn = max„gvv ^N,v and 

niN = VMlogN - ^^loglogN. ( 1 ) 

Proposition 1.1. Under Assumption (A.O), there exists a constant C = C{aQ) > 0 such that for 
all N and z > 1, 

¥{Mn >mN + z)< . (2) 

Furthermore, for all z > l,y > 0 and A C Vn we have 

P(mj^(^Ar,^, > mN + z - y) < C ^ ^^-Wd{z-y) _ (- 3 ^ 

The proof of Proposition 11.11 is provided in Section [2j 

By Proposition 11.11 if one has a complementary lower bound showing that for a large enough 
constant C, FN,v > tun — C with high probability, it follows that the maximizer of 

the Gaussian field is away from the boundary with high probability. Therefore, in the study of 
convergence of the centered maximum, it suffices to consider the Gaussian field away from the 
boundary (more precisely, with distance 6N away from the boundary where 5 —)• 0 after N —>■ 00 ). 
In light of this, introduce the sets V^ = {z ^ Vn '■ d{z,dVN) > 6N} and V^ = [<5,1 — where 
d{z,dVN) = min{||z — y\\oo ■ y 0 Vn}- Then, introduce the following assumption. 

(A.l) (Logarithmically correlated fields) For any <5 > 0 there exists a constant > 0 such 
that for all u,v G V^, \ Cov{(pN,v,FN,u) — (logA^ — log_,_ \u — u|)| < 
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We do not assume Assumption (A.l) for 5 = 0 since we wish to incorporate Gaussian fields with 
Dirichlet boundary conditions, such as the two dimensional DGFF. 

Assumptions (A.O) and (A.l) are enough to ensure the tightness of the sequence {M^v — mN}N- 

Theorem 1.2. Under Assumptions (A.O) and (A.l), we have that EMtv = ruN + 0(1) where the 
0(1) term depends on oq and In addition, the sequence — EM^v is tight. 

(The constant 1/10 in Theorem II.21 could be replaced by any positive number that is less than 1/3.) 
The proof of Theorem 11.21 is provided in in Section [2j 

As we will explain later, Assumptions (A.O) and (A.l) on their own cannot ensure convergence 
in law for the centered maximum. To ensure the latter we introduce the following additional 
assumptions. First, we assume convergence of the covariance in finite scale around the diagonal. 

(A.2) (Near diagonal behavior) There exist a continuous function / : (0, l)'^ i—M and a function 
; Z'^ X Z'^ !-)• M such that the following holds. For all L, e, 5 > 0, there exists Nq = No{€, 5, L) 
such that for all x € , u,v ^ [0, L]'^ and N > Nq we have 

\Cov{q:^N,xN+v,I^N,xN+u) -logN - f{x) - g{u,v)\ < e. 

Next, we introduce an assumption concerning convergence of the covariance off-diagonal (in a 
macroscopic scale). Let = {{x,y) : x,y ^ (0, l)'^,x / y}. 

(A.3) (Off diagonal behavior) There exists a continuous function h : i— ?■ M such that the 

following holds. For all L,e,5 > 0, there exists Ni = Ni{e,5,L) > 0 such that for all 
X, y E with \x — y\> ^ and N > Ni we have 

I Cov{ipN,xN, I^N,yN) “ h(x, y)| < 6 . 

Assumptions (A.2) and (A.3) control the convergence of the covariance on both microscopic and 
macroscopic scale, but allows for fluctuations of order 1 in mesoscopic scale. It is not hard to check 
that both the DGFF and the *-scale fields satisfy Assumptions (A.0)-(A.3). A further example 
will be developed in Section [5l 

We remark that Assumptions (A.2) and (A.3) are not necessary for the convergence of the 
centered maximum. Indeed, one can violate Assumptions (A.2) and (A.3) by perturbing the field 
at a single vertex, but this would not affect the convergence in law of the centered maximum, 
since with overwhelming probability, the maximizer is not at the perturbed vertex. However, if 
Assumptions (A.2) and (A.3) are violated “systematically”, one should not expect a convergence 
in law for the centered maximum. We will give two examples at the end of the introduction as a 
demonstration on how violating (A.2) or (A.3) could destroy convergence in law for the centered 
maximum. 

Our main result is the following theorem. 

Theorem 1.3. Under Assumptions (A.O), (A.l), (A.2) and (A.3), the sequence {Mv — EMvIv 
converges in distribution. 

As a byproduct of our proof, we also characterize the limiting law of (Mv — mv) as a Gumbel 
distribution with random shift, given by a positive random variable Z which is the weak limit of a 
sequence of a sequence Zjq, defined as 

Zn=Y^ (VMlogiV - . (4) 

vGVn 
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In the case of BBM, the corresponding sequence Zpf is precisely the derivative martingale, intro¬ 
duced in m- It also occurs in the case of BRW, see [I], and plays a similar role in the study 
of critical Gaussian multiplicative chaos [12]. Even though in our case the sequence is not 
necessarily a martingale, in analogy with these previous situations we keep refering to it as the 
derivative martingale. The definition naturally extends to a derivative martingale measure on Vat 
by setting, for A C V/v, 


Zn^a = ^(VMlogiV - 

vgA 

Theorem 1.4. Suppose that Assumptions (A.O), (A.l), (A.2) and (A.3) hold. Then the derivative 
martingale Z^ eonverges in law to a positive random variable Z. In addition, the limiting law ^oo 
of M]\f — mN can be expressed by 

hoo{{—oo, x]) = Ee~^ , for a// x G M , 

where f3* is a positive constant. 

Remark 1.5. In |^, the authors used the convergence of the centered maximum, a-priori 
information on the geometric properties of the clusters of near-maxima of the DGFF and a beautiful 
invariance argument and derived the convergence in law of the process of near extrema of the two- 
dimensional DGFF, and its properties. A natural extension of our work would be to study the 
extremal process in the class of processes studied here, and tie it to properties of the derivative 
martingale measure. 

Remark 1.6. Our proof will show that the random variable Z appearing in Theorem \1.4\ depends 
only on the functions f{x),h{x,y) appearing in Assumptions (A.2) and (A.3), while the constant 
j3* depends on other parameters as well. In particular, two sequences of fields that differ only at the 
microscopic level will have the same limit law for their centered maxima, up to a (deterministic) 
shift. We provide more details at the end of Section 

A word on proof strategy. This paper is closely related to [7], which dealt with 2D GFF. The 
proof in [7| consists of three main steps: 

(a) Decompose the DGFF to a sum of a coarse field and a hne field (which itself is a DGFF), 
and further approximate the fine field as a sum of modified branching random walk (see 
Section ED for definition) and a local DGFF. It is crucial for the proof that the different 
components are independent of each other, and that the approximation error is small enough 
so that the value of the maximum is not altered significantly. These approximations were 
constructed using heavily the Markov held property of DGFF, and detailed estimates for the 
Green function of random walk. 

(b) Use a modihed second moment method in order to compute the asymptotics of the right tail 
for the distribution of the maximum of the hne held, as well as derive a limiting distribution 
for the location of the maximizer in the hne held. 

(c) Combine the limiting right tail estimates for the maximum of the hne held and the behavior 
of the coarse held to deduce the convergence in law. 
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In the general setup of logarithmically correlated fields, it is not a priori clear how can one 
decompose the field by an (independent) sum of a coarse field, an MBRW and a local field, as 
the Markov field property is no longer available. A natural approach under our assumptions is 
to employ the self-similarity of the fields, and to approximate the coarse and local fields by an 
instance of {ipK,v '■ v E Vk} for some K N. One difficulty in this attempt is to control the 
error of the approximation and its influence on the law of the maximum. In order to address 
this issue, we partition the box Vjy to sub-boxes congruent to Vl, and borrow a key idea from 
[3] to show that the law of the maximum of a log-correlated fields has the following invariance 
property: if one adds i.i.d. Gaussian variables with variance 0(1) to each sub-box of the field (here 
the same variable will be added to each vertex in the same sub-box), where the size L of the 
sub-box is either K or N/K (assuming K grows to infinity arbitrarily slow in N), then the law of 
the maximum for the perturbed field is simply a shift of the original law where the shift can be 
explicitly determined (see Lemma l3.ip . In light of this, in Subsection 14. II we approximate the field 
Wn,v} by the sum of coarse held (which is given by {(pKL,v '■ v £ yRi})-, an MBRW, and a local 
held (which is given by independent copies of {'^k'L',v '■ v £ Vk’d}) (here the parameters satisfy 
N ^ K' ^ L' ^ K ^ L). In this construction, we make sure that the error in the covariance 
between two vertices is o(l) if their distance is not in between L and N/L', and the error is 0(1) 
otherwise. Then we apply Lemma 13.11 (and Lemma 13.2p to argue that our approximation indeed 
recovers the law of the maximum for the original held. In Subsection 14.21 we present the proof for 
the convergence in law for the centered maximum of the approximated held we constructed and, as 
in [7] , it readily also yields the convergence in distribution for the derivative martingale constructed 
from the original held. 

As in the case of the DGFF in two dimensions, a number of properties for the log-correlated 
helds are needed, and are proved by adpating or modifying the arguments used in that case. Those 
properties are: 

(a) The tightness of — tun, and the bounds on the right and left tails of — tun as well 
as certain geometric properties of maxima for the log-correlated helds under consideration, 
follow from modifying arguments in ITTl [TO] . This is explained in Section [2l 

(b) Precise asymptotics for the rigth tail of the distribution of the maximum of the hne held 
follow from arguments similar to [7] with a number of simplihcations, as our hne held has 
a nicer structure than its analogue in [7], whereas the coarse held employed in this paper is 
constant over each box; in particular, there is no need to consider the distribution for the 
location of the maximizer in the hne held as done in [7]. The adaption is explained in the 
Appendix. 

The role of Assumptions (A.2) and (A.3). We next construct two examples that demonstrate 
that one cannot totally dispense of Assumptions (A.2) and (A.3). Since the examples are only 
ancillary to our main result, we will give only give a brief sketch for the verihcation of the claims 
made concerning these examples. 

Example 1.7. Fix d = 2 and let {(pN,v ■ v E Vv} be the DGFF on Vn (normalized so that it 
satisfies Assumptions (A.O), (A.l), (A.2) and (A.3)), with Zj^ = max„gvv Fn,v Let Vn,i and Vn ,2 
he the left and right halves of the box Vn- Let {eN,v '■ v € Vn} and X be i.i.d. standard Gaussian 
variables. Define 



V E Vn,i 

V E Vn,2 ’ 



V E Vat,! 

V E Vat,2 
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Set Mj\f = max^g^j^ <Pn,v and Mn = max^eVjv ^N,v We first claim that there exist a'^ depending 
on {N,a) but bounded from above by an absolute constant such that EM^r = EMat. In order to see 
that, note that, by Theorem \ LSI 

EM^r < E max + (TEmax(0, X) < 2 log | loglog + (TEmax(0, X) + 0(1), 

1}&Vn/2 

where 0(1) is an error term independent of all parameters, n addition, by considering a N/2-box 
in the left side and dividing the right half box into two copies of N/2-boxes, one gets that 

EA/tv > E max(^A /'/2 L o'JC, ■^Af /2 ^i ^n /2 ^(2 L 2 max(e , e ) + olKX lx>o • 

where ZAr/2j ■^)v/ 2 ’■^Af /2 three independent copies with law max^gVjy^^ Tn,v and e' = eAr,^i,e" = 
^Nv* (here and v\ are the maximizers of the DGFF in the two N/2-boxes on the right half of 
Vn, respectively). The claim follows from combining the last two displays. 

Now, choose o to be a large fixed constant so that for 0 < A < log log N, 

P(Mjv > EZ^r + A) > P( max {(pN,v + oX + eAr,„} > EZ^r + A) 

weVjv,! 

> P((l + l/41og A^) max + (tAT} > EZtv + A) 

veVjv.i 

> P( max ipN,v + oX > KZ]\f + A — 1/10). (5) 

^eVjv.i 

(Here, the second inequality is due to Slepian’s comparison lemma (Lemma \2.4^ and the fact that 
o is large, while the last inequality uses that 2/(1 + 1/(4 log A^)) < 2 — (logA^)/10 for N large.) 
Further, 

F{Mn > EZat + A) < P( max (pN,v + oX > EZat + A) + P( max ipN,v + (-'n v ^ FZjm + A) 

'WS^JV,! ’ 'yS^JV,2 ’ ’ 

< P( max (pN,v + oX > EZat + A) + 0(l)Ae“^'^, (6) 

■ueVjv,! 

where the last inequality follows from Proposition \1.1[ Combining (0) and ([6]) and using the form 
of the limiting right tail of the two-dimensional DGFF as in Proposition 4-1], one obtains that 
for \,cr sufficiently large but independent of N, 

lim sup P(M 7 v > EZat + A) > (1 + c) lim sup P(MAr > EZ^r + A) > c{a)Xe~^^ , 

N^oo A^^cxd 

where c > 0 is an absolute constant and c(a) satisfies c{a) —>-o-^oo oo. This implies that the laws 
of M]y — EMm and Mn — EMm do not coincide in the limit N —)• oo. 

Finally, set (pN,v = Tn,v for all v G Vjy and odd N, and (pN,v = fiN,v for all v € Vjy and 
even N. One then sees that the sequence of Gaussian fields {fiN,v '■ v £ Vn} satisfies Assumptions 
(A.O), (A.l) and (A.3) (while not satisfying (A.2)), but the law of the centered maximum does not 
converge. 

Example 1.8. Let {(pN,v ■ v G Vn} be a sequence of Gaussian fields satisfying (A.O), (A.l) and 
(A.2), such that the law of the centered maximum converges. Consider the fields {(pN,v ■ v G Vn} 
where (pN,v = Tn,v + is even^N with Xn a sequence of i.i.d. standard Gaussian variables. 
Then, the field {(pN,v '■ v G Vat} satisfies (A.O), (A.l) and (A.2) (possibly increasing the values of 
by 1 for all {) < 5 <\). However, the centered law of the maximum of {(pN,v ■ v £ Vn} cannot 
converge. 
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2 Expectation and tightness for the maximum 


This section is devoted to the proofs of Proposition 11.11 and Theorem 11.21 and to an auxiliary 
lower bound on the right tail of the distribution of the maximum, see Lemma 12.21 The proof 
of the proposition is very similar to the proof in the case of the DGFF in dimension two, using 
a comparison with an appropriate BRW; Essentially, the proposition gives the correct right tail 
behavior of the distribution of the maximum. In contrast, given the proposition, in order to prove 
Theorem o one needs an upper bound on the left tail of that distribution. In the generality 
of this work, one cannot hope for a universal sharp estimate on the left tail, as witnessed by the 
drastically different left tails exhibited in the cases of the modified branching random walk and the 
two-dimensional DGFF, see [10] . We will however provide the following universal upper bound for 
the decay of the left tail. 

Lemma 2.1. Under Assumption (A.l) there exist constants C,c> 0 (depending only on aijiQ^d) 
so that for alln gN and 0 ^ A ^ (logn)^/^, 

P(max (pN,v ^ mN — A) ^ Ce~^^ . 

v&Vpf 

Theorem 11.21 follows at once from Proposition 11.11 and Lemma 12.11 

Later, we will need the following complimentary lower bound on the right tail. 

Lemma 2.2. Under Assumption (A.l), there exists a constantC > 0 depending only on 
such that for all A G [1, yTogW], 

P(Mjv > miv + A) > C-^Xe-^^ . 

2.1 Branching random walk and modified branching random walk 

The study of extrema for log-correlated Gaussian fields is possible because they exhibit an approxi¬ 
mate tree structure and can be efficiently compared with branching random walk and the modified 
branching random walk introduced in [9]. In this subsection, we briefly review the definitions of 
BRW and MBRW in Z'^. 

Suppose N = 2^ for some n G N. For j = 0,1,..., n, define Bj to be the set of d-dimensional 
cubes of side length 2^ with corners in Z'^. Define BT>j to be those elements of Bj which are of the 
form ([0, 2^ — 1] n Z)'^ -|- {ii2^,i22^, ..., id‘^^), where ii,i 2 , ■ ■ ■ ,id are integers. For x G Vat, define 
Bj{x) to be those elements of Bj which contains x. Define B'Dj(x) similarly. 

Let {aj^B}j>o,B£BVj be a family of i.i.d. Gaussian variables of variance log 2. Define the branch¬ 
ing random walk (BRW) {'R-N,z}zeVN by 

n 

T^n,z = ^ ^ aj,B , z gVn ■ 

j=0 B&BVj{z) 

Let B^ be the subset of Bj consisting of elements of the latter with lower left corner in Vjsf. Let 
{bj,B : J > 0, R G B^} be a family of independent Gaussian variables such that Var bj^B = log 2•2“'^'^ 
for all B G B^. Write B ~ 7 v B' if B = B' {iiN ,..., idN) for some integers fi,..., G Z. Let 

,N BeBf, 

\bj,B' B^NB'eBf. 


7 



Define the modified branching random walk (MBRW) {^Ar^^j^gVAf by 


Sn,z — ^ ^ , z GVn ■ (7) 

j=0 B&Bj{z) 

The proof of the following lemma is an straightforward adaption of m Lemma 2.2] for dimension 
d, which we omit. 

Lemma 2.3. There exists a constant C depending only on d such that for N = 2^ and x,y £ Vm 

I Cov{SN,x,SN,y) - (logiv - log(|x - V 1))| < C , 
where \x — y| 7 v = ™hry..^^y \x — y'\. 

In the rest of the paper, we assume that the constants ao, in Assumptions (A.O) and (A.l) 
are taken large enough so that the MBRW satishes the assumptions. 

2.2 Comparison of right tails 

The following Slepian’s comparison lemma for Gaussian processes [21] will be useful. 

Lemma 2.4. Let A be an arbitrary finite index set and let {Xa : a G M} and {Ya : a G M} 
be two centered Gaussian processes such that: E(Aa — > E(ya — Yfifi, for all a,6 G M and 

Var(Xa) = Var(ya) for all a £ A. Then P(maxag _4 > A) > P(maxag_ 4 ya > A) for all A G M. 

The next lemma compares the right tail for the maximum of {(pN,v ■ v £ V/v} to that of a BRW. 

Lemma 2.5. Under Assumption (A.O), there exists an integer k = K{ao) > 0 such that for all N 
and A G M and any subset A C Vn 

Pfmaxojjvu > A) < 2P( max TZ 2 ^Nv > A). (8) 

’ \)e2«A ’ 

Proof. For k G N, consider the map 

fi’N = • V !-)• 2^V such that fiNiv) = ■ (9) 

By Assumption (A.O), we can choose a sufficiently large k depending on oq such that Var(y?Ar_^) < 
Var(772«;7v,V'ivR)) v £ Vn- So, we can choose a collection of positive numbers 

ATar 77.2«;jv,'i/ijv('f’) Tn,v > 

such that Var((/?Ar_^ + a„A) = Var(772«^7v,^jv(i')) v £ Vn, where A is a standard Gaussian 

random variable, independent of everything else. Since the BRW has constant variance over all 
vertices, we get that 

^(.TN,uP^uX TN,v tliiA) ^ W.(^ipN,u TN,v) ^u) Y TN,v) ~L\VqX ipN ,v Vqx^n,u\ • 

Combined with Assumption (A.O), it yields that 

E(v^Af,u + CLuX - (PN,V - ayXf < 2 log+ |n - u| + 4ao . 
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Since IE(7^2'^Ar,i/ijvW — 21og_,_ \u — v\ > \og2K — Cq (where Cq is an absolute constant), 

we can choose sufficiently large k depending only on oq such that 

^{^N,u + auX - (PN,V - ayXf < lE(7^2«Ar,V)jv(«) “ ^2«Ar,V>ivW)^ > u,v eVN ■ 

Combined with Lemma 12.41 it gives that for all A G M and A C Viv 


P(max(/?Ar,^ + ttyX > A) < P(max7^2«iV!A«(i;) > ■ 

v&A v&A ^ ' 


In addition, by independence and symmetry of X we have 

P(max(/?jvi; + dyX > A) > P(max<^jvi) > A,X > 0) = iP(max (y9Ar^, > A). 

veA ’ veA ’ ^ v&A ’ 

This completes the proof of the desired bound. □ 

Proof of Proposition If .11 An analogous statement was proved in [Tj Lemma 3.8] for the case of 2D 
DGFF. In the proof of [TJ Lemma 3.8], the desired inequality was first proved for BRW on the 2D 
lattice and then deduced for 2D DGFF applying [m Lemm 2.6], which is the analogue of Lemma 
12.51 above. The argument for BRW in [71 Lemma 3.8] carries out (essentially with no change) from 
dimension two to dimension d. Given that, an application of Lemma [2.51 completes the proof of the 
proposition. □ 


A complimentary lower bound on the right tail is also available. 

Lemma 2.6. Under Assumption (A.l), there exists an integer k = > 0 sueh that for all 

N and A G M 

P(max(/?()^ > A) > iP( max S 2 -r^Nv > ^) • (10) 

v&Vm ’ 


Proof. It suffices to consider = max^^^i/io By Assumption (A.l) and an argument 

analogous to that used in the proof of Lemma 12.51 (which can be raced back to the proof of |lll 
Lemma 2.6]), one deduces that for k = K(a*'^/^®^), 


P(M^^^°^ > A) > iP( max 52 -kjvi; ^ ■^) lor all A G M. 
yeV^-KN 


This completes the proof of the lemma. □ 

We also need the following estimate on the right tail for MBRW in d-dimension. The proof is 
a routine adaption of the proof of m Lemma 3.7] to arbitrary dimension, and is omitted. 

Lemma 2.7. There exists an absolute eonstant C > 0 such that for all A G [1, \/log n\, we have 

(^-lAg-^/MA < p(niax5iv,; > thn + X) < CAe"^^ . 

vEVn 

Proof of Lemma \2.^ Gombine Lemma 12.61 and Lemma 12.71 □ 
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2.3 An upper bound on the left tail 

This subsection is devoted to the proof of Lemma 12.11 The proof consists of two steps: (1) a 
derivation of an exponential upper bound on the left tail for the MBRW; (2) a comparison of the 
left tail for general log-correlated Gaussian field to that of the MBRW. 

Lemma 2.8. There exist constants C,c> 0 so that for a// n G N and 0 ^ A ^ (logn)^/^, 

P(max S]\ry ^ ruN — A) ^ Ce~^^ . 
vGVn 

Proof. A trivial extension of the arguments in [9] (for the MBRW in dimension two) yields the 
tightness for the maximum of the MBRW in dimension d arounds its expectation, with the latter 
given by ([T]). Therefore, there exist constants k,P > 0 such that for all A > 4, 

F{m.aK S]\f,v ^ nT'N — (d) ^ ■ ( 11 ) 

v&Vn 

In addition, a simple calculation gives that for all A > A' > 4 (adjusting the value of k if necessary), 

V^log{N/N') — ^ log(log A/ log a ') — k ^ ruN — rriN' ^ V^log{N/N') -|- k . (12) 

Let A' = A/2 and A' = Aexp(—-^(A' — ft — k — 4)). By (fl^ . one has ruN — mjv' ^ A' — /3. Divide 
V]\f into disjoint boxes of side length A', and consider a maximal collection B of A'-boxes such that 
all the pairwise distances are at least 2A', implying that \B\ > exp(^(A' — jd — k — 8 — i'/d)). Now 
consider the modified MBRW 

'Sn,v = 9n',v + & B G B , 

where f is an zero mean Gaussian variable with variance log(A/A') and {gN',v ■ v G B}b are the 
MBRWs defined on the boxes B, independently of each other and of cf. It is straightforward to 
check that 


Var^AT,!) = Var^AT^^ and ESn,v<Sn,u < ^<Sn,v'Sn,u for all u, u G UbgbB ■ 

Gombined with Lemma 12.41 it gives that 

P(max 5 Ar,; <t)<F( max Snv <t)<F( max Snv < t) for all f G M. ( 13 ) 

vgVn ’ veuBesB ’ TeusgsS ’ 

By ([TT]) . one has that for each B ^ B^ 

F{su-pgN',v > bin - A') = F{sup gN',v > bin' + bin - bin> - A') > F{sup gN',v > bin> - /?) ^ -^ , 

v^B v^B vGB ^ 

and therefore 

P( sup gN',v <bln - A') < (i)l®l . 

v&UbgbB 

Thus, 

P( max Sn,v < bin — A) < P( sup gN',v < bin — A') -|- P((/ < —A') < , 

vGUbsbB ’ vGUbsbB 

for some constants C,c > 0. Combined with (|13ll . this completes the proof of the lemma. □ 
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Proof of Lemma \2.1[ In order to prove Lemma 12.11 we will compare the maximum of a sparsified 
version of the log-correlated field to that of a modified version of MBRW. By Assumption (A.l) 
and Lemma 12.31 , there exists a kq = such that for all k > kq, 

Var(<y92«Ar,2«t;) ^ Var (522«jv,i;) for all v G . 

Therefore, one can choose a collection of positive numbers {oy : v G such that 

Var((/P2'^7V,2”ti + o,yX) = Var(522«;jY ,;), 

where A is a standard Gaussian variable. Since the MBRW has constant variance, we have that 
|oi; — On| ^ Gi for some constant Ci = > 0. By Lemma [23] again, one has 

E{S22K]^^y — S22Kj^^yff < 21og+ |u — u| -|- 0(1), 

where the 0(1) term is bounded by a absolute constant. On the other hand, for all u,v £ ■, 

IE(</?2'^Ar,2«-u + ClyX - (P2'^N,2'^U “ auX)‘^ > log 2 • K 2 log+ \u - v\ - O^(i/io) (1), 

where 0^{i/w){l) is a term that is bounded by a constant depending only on Therefore, 

there exists a k = such that for all u,v £ 

E{(p2'^N,2'^v + ayX — (p2'^N,2'^u ~ O^yX)'^ > E( 522 »t 7 Y^.y — 822^]^^^)^ . 

Combined with Lemma 12.41 this implies that for a suitable depending on k, 

P(max 992'^Ar2'‘'u ^ — A) < P( max {ip 2 ’^N 2 ^v + ciyX) ^ mM — +E{X <—X/Cff) 

v&Vn ’ 

< P( max S 22 k,j^ y ^ mM — X/2)+E{X <—\/Ck) ■ (14) 

There are number of ways to bound P(max^g^i/io 522 k7v,i; ^ '^N — A/2), and we choose not to 
optimize the bound, but instead simply apply the FKG inequality [20]. More precisely, we note 
that there exists a collection of boxes V with |V| < 2^'^'^ where each box is a translated copy of 
such that 422«Af ^ UygyA^- Since {mEiXy^v 22 Ki^ •^ 2 ^'^N,v ^ “ A/2} = nvgv{™ax„gy 522 k7v,i; ^ 

niN — A/2}, the FKG inequality gives that 

P( max S 22 Kj^y ^ ruAT — A/2) > (P( max S 22 Kj^y ^ — A/2))^ , 

v&V^2.n ’ 

Combined with ()14p and Lemma 12.81 this completes the proof of the lemma. □ 

3 Robustness of the maximum under perturbations 

The main goal of this section is to establish that the law of the maximum for a log-correlated 
Gaussian field is robust under certain perturbations. These invariance properties will be crucial in 
Section im when constructing a new field that approximates our target field. 
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For a positive integer r, let Br be a collection of sub-boxes of side length r which forms a 
partition of V|^Af/rJr- Write B = Ur6[Ar]'Sr. Let {qb : -B G be a collection of i.i.d. standard 

Gaussian variables. For v G Vv, denote by By^r G By the box that contains v. For a = (o'i,a2) 
with ||it||| = af + a 2 and ri,r 2 , define, 

‘PN,ri,r 2 ,cr,v = '^N,v + (^iSBy^n + ’ (15) 

and set flLA^,ri,r2,cr — V^A^,r’i,r2,cr,i;* 

For probability measures z^i,r '2 on M, let d{i'i,i' 2 ) denote the Levy distance between i'i,i' 2 , i-e. 

1 ^ 2 ) = inf{(5 > 0 : < V 2 {B^) + 5 for all open sets B}, 

where B^ = {y : \x — y\ < 6 for some x G B}. In addition, define 

1 ^ 2 ) = inf{J > 0 : z^i((x, 00 )) < i' 2 {ix — 6 , 00 )) -|- 5 for all x G M} . 

If d{yi,V 2 ) = 0, then vi is stochastically dominated by 1 ^ 2 - Thus, d(i^i,t' 2 ) measures approximate 
stochastic domination of vi by V 2 ] in particular, unlike d{-, •), the function d{-, ■) is not symmetric. 

With a slight abuse of notation, if X, Y are random variables with laws y,x, fJ-Y respectively, we 
also write d{X,Y) for d{fix,fJ-Y) and d{X,Y) for d{iJ.x, fJ^Y)- 
A notation convention: By ProDosition ll.il one has that 

limsuplimsup(i(max ^pN,v, max ipN,v) = 0 . 

<5^-0 N vev^ ’ v&Vn 

Therefore, in order to prove Theorem 11.31 it suffices to show that for each fixed 5 > 0, the law of 
maXj^gy^ ipN^v — iBN converges. To this end, one only needs to consider the Gaussian field restricted 
to V^. For convenience of notation, we will treat as the whole box that is under consideration. 
Equivalently, throughout the rest of the paper when assuming (A.l), (A.2) or (A.3) holds, we 
assume these assumptions hold with 5 = 0, and we set a := max(ao) 

The following lemma, which is one of the main results of this section, relates the laws of Mat 
and X‘ 

Lemma 3.1. The following holds uniformly for all Gaussian fields {ifN,v ■ v G Viv} satisfying 
Assumption (A.l): 

limsup limsupd(M7v — mx, MN,ri,r 2 ,a- — xnx — ||o'|| 2 '\/d/ 2 ) = 0 . (16) 

ri,r2^oo N—>oo 

The next lemma states that under Assumption (A.l), the law of the maximum is robust under 
small perturbations (in the sense of loo norm) of the covariance matrix. 

Lemma 3.2. Let {^x,v ■ v G Vx} be a sequence of Gaussian fields satisfying Assumption (A.l), 
and let a he fixed. Let {(px,v '■ v G Vx} be Gaussian fields such that for all u, u G Vx 

I Var (px,v Var (px,v\ — and ^(px,vTN,u — T e . 

Then, there exists i = t(e) with i 0 such that 

limsup d{Mx — rnx, max (px,v — mx) < t.. 

N^oo '"SViv 
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Figure 1: Perturbation levels of the Gaussian field 


A key step in the proof of Lemma fd.ll is the following characterization of the geometry of vertices 
achieving large values in the fields, an extension of m Theorem 1.1]; it states that near maxima 
are either at microscopic or macroscopic distance from each other. This may be of independent 
interest. 

Lemma 3.3. There exists a constant c > 0 such that, uniformly for all Gaussian fields satisfying 
Assumption (A.l), we have 

lim lim ¥{3u,v. \u - v\ ^ {r, ^),ip]si,v,TN,u> ruN - c\og\ogr) = t) . 
r^oo N^oo ' 

3.1 Maximal sum over restricted pairs 

As in the case of 2D DGFF discussed in m, in order to prove Lemma 13.31 we will study the 
maximum of the sum over restricted pairs. For any Gaussian field {r]N,v ■ v G Vjsf} and r > 1, 
define 


= max{riN,u + riN,v : u,v e VN,r < \u - v\ < N/r} . 

Lemma 3.4. There exist constants ci,C 2 depending only on d and G > 0 depending only on {a,d) 
such that for all r,n with N = 2^ and all Gaussian fields satisfying Assumption (A.l), we have 

2mfq — C 2 log log r — G < ,, < 2mN — ci log log r + G . (17) 
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Proof. In order to prove Lemma 13.41 we will show that 


— '^‘P'N,r — '^'^2'‘N,r ■ (18) 

To this end, we recall the following Sudakov-Fernique inequality m which compares the first 
moments for maxima of two Gaussian processes. 

Lemma 3.5. Let A be an arbitrary finite index set and let {Xa : a G A} and {Ya : a G A} be two 
centered Gaussian processes such that: 


E(X, - Xbf > E(y, - Ybf, for all a,be A. 

Then E(maXag^Xa) < E(maxag^ Yq). 

We will give a proof for the upper bound in (1171) . The proof of the lower bound follows using 
similar arguments. For k G N, recall the definition of the restriction map V’A'' as in ([9]). By 
Lemma iTSl there exists a k > 0 (depending only on {a,d)) such that for all u,v,u',v' G Vv, 


^{TN,u + TN,v — TN,u' 



o2’^N o2’^N \2 


(To see this, note that the variance of , increases with k but the covariance between , and 

V ’ WNm wnA) 

not.) In addition, note that for r < \u—v\ < N/r one has r < |V’iv(rt) —'0Af(^^)| < 2^N/r. 
Combined with Lemma [331 this yields r — ^•^ 2 '^Nr^ completing the proof of the upper bound 
in (fTSD . 

To complete the proof of Lemma 13.51 note that [111 Lemma 3.1] readily extends to MBRW in 
d-dimension, and thus 


2mN — C 2 log log r — C < ,, < 2m]^ — ci log log r + C, 

where ci, C 2 are constants depending only on d and C is a constant depending on (a, d). Combined 
with m, this completes the proof of the lemma. □ 

We will also need the following tightness result. 

Lemma 3.6. Under Assumption (A.l), the sequence — E(/7^j,)/loglogr}ArgN^r>ioo tight. 

Further, there exists a constant C > 0 depending only on d such that for all r > 100 and iV G N, 

I i‘fN,r - I < C log log r . 

Proof. Take N' = 2N and partition l/]v' into 2“ copies of Vat, denoted by , ■ ■ ■, . For each 

i G [2“^], let ■ V G be an independent copy of {g^N,v '■ v G Vn} where we identify Vn and 

Vff' by the suitable translation such that the two boxes coincide. Denote by 

fiN',v = Tn,v ^ ^ ^ P"*] ■ (19) 

Clearly, {g:>N',v} is a Gaussian field that satisfies Assumption (A.l) (with a increased by an absolute 
constant). Therefore, by Lemma 13.41 we have 

2m7v — C 2 log log r — C < E(^^< 2mN — ci log log r + C, (20) 
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where ci,C 2 ,C > 0 are constants depending only on {d,a). In addition, we have 

Combined with Lemma [33] and ([20]) . and the simple algebraic fact that |a — 6| = 2(a V b) — a — b, 
it yields that 

^ < C loglogr , for all r > 100 , 

where C" > 0 is a constant depending only on d. This completes the proof of the lemma. □ 

3.2 Proof of Lemma 13.31 

In this subsection we will prove Lemma 13.31 by contradiction. Suppose otherwise that Lemma 13.31 
does not hold. Then for any constant c > 0, there exists e > 0 and a subsequence {r^} such that 
for all A: G N 

lim P(3tt,u : |u - u| G ( r^, — ) ,(pN,v,^N,u > - cloglogrfc) > e. (21) 

N^oo \ ^kj 

Now fix 5 > 0 and consider N' = 2'^iV where k is an integer to be selected. Partition Vv' into 2'^'^ 
disjoint boxes of side length N, denoted by ■,■■■, V/v • Define {^n',v '■ v G Vat'} in the same 
manner as in (fT9|) except that now we take 2'^'^ copies of {(pN,v ■ v G Vat} (one for each with 
i G [2'^'^]). Clearly, {(pN',v ■ v G Vat'} is a Gaussian field satisfies Assumption (A.l) with a replaced 
by a constant a' depending only on (a, d, k). Therefore, by Lemma 13.41 

2mN — C 2 loglogr — C < E(^^, ,, < 2mN — ciloglogr + G, (22) 

where ci, C 2 >0 are two constants depending only on d and C > 0 is a constant depending only on 
(a, d, k). 

Next we derive a contradiction to (1221) . Set ZN,r = 2,m]\f — cloglogr, r ~ ^N,r)- 

and — ZN,r)-- Then (1^ implies that 

lim P(yif^], > 0) < 1 — e for all A; G N . (23) 

In addition, by Lemmas 13.41 and 13.61 there exists a constant G' > 0 depending only on d such that 
for all r > 100 and G N, we have 

ET^^i < G'loglogr. (24) 

Clearly, < minjg[ 2 Kd] Yj^\- Combined with the fact that are i.i.d. random variables, one 
obtains 

/ cxD roo 

> y)f"dy < (1 - ^ (P(y«^ > y))dy < (1 - , 

where (|23p was used in the second inequality. Combined with (1241) . one concludes that for all 
r > 100 and N 

EYtv,., < (l-e)2"‘^-iG'loglogrfc. 


15 




Now set c = ci/4 and choose k depending on (e, d, C , ci) such that (1 — < ci/4. Then, 

^^N',rk ^ 2mAr - Ci loglogrfc/2 , 

for all A: G N and sufficiently large N > Nj. where Nj. is a number depending only on k. Sending 
N ^ oo first and then A: —>• oo contradicts (j22p . thereby completing the proof of the lemma. □ 


3.3 Proof of Lemmas 13.11 and 13.21 

The next lemma, which extends [TJ Lemma 3.9] to the current setup, will be useful for the proof of 
Lemma l3.1l and later in the paper. 

Lemma 3.7. Let Assumptions (A.O) and (A.l) holds. Let {(/>^ : u € Vat} he a collection of random 
variables independent of {(pM,u '■ u G Vat} such that 

^{f’u > 1 + y) < for all u £ Vn ■ (25) 

Then, there exists C = C{a,d) > 0 such that, for any e > 0, N £ 'N and x > — 

P(max((^Af,-!i + (^4>u) ^ '>^N + a;) < P(max (pN,u > "lAf + x - + C{e~^ ^)). (26) 

u£Vn uGVn 


Proof. We first give the proof for e < 1. Define T^ = {tt G Vn : y/2 < < y}. Then, 

P(max((^Af,u + > mN + x) <P(MAr > niN + x - ^/e) 

uGVn 

oo 

+ ^ E(P( max (PN,U >mN + x- 2*v^|r2i^)). 
i=o 

By Proposition II.li one can bound the second term on the right hand side above by 

oo .. oo 

>mN + x- 2^Ve\T2i^)) < _ 


i=0 


i=0 


By (1251) . one has E(|r 2 i^|/A^'^)^/^ < e \ Altogether, one gets 

V 1 

Y >mN + x- 


i=0 


completing the proof of the lemma when e < 1. The case e > 1 is simpler and follows by repeating 
the same argument with T 2 i,. replacing T 2 i^. We omit further details. □ 

We next consider a combination of two independent copies of {y^Af,!;}- For u > 0, define 


T*N,cf,v — TN,v + 


O' 


1 for V £Vn, and = max ^p*^ 

iogjv ’ ’ vGVn 


(27) 


where ^ is an independent copy of {<Pn,v ■ x £ V]\f}. Note that the field i 

distributed like the field {aNTN,v} where qn = ^/l + Iklli/fog^- 


IS 
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Remark 3.8. The idea of writing a Gaussian field as a sum of two independent Gaussian fields 
has been extensively employed in the study of Gaussian processes. In the context of the study of 
extrema of the 2D DGFF, this idea was first used in m, where (combined with an invariance result 
from fT^ as well as the geometry of the maxima of DGFF f77]/ . see Lemma \J^\ ) it led to a complete 
description of the extremal process of 2D DGFF. The definition (l27|) is inspired by 

The following is the key to the proof of Lemma l 3 .II 

Proposition 3.9. Let Assumption (A.l) hold. Let {fiN,r,a,v ■ v G Vn} and ■ v G Vjy} be 

defined as in (USD and (1271) respectively. Then for any fixed a, 

lim lim sup r 2 cr “-^ivcr “= 0 • (28) 

n.rz^oo ’ ’ ’ 

Proof. Partition Vjsf into boxes of side length N/r2 and denote by B the collection of boxes. Fix an 
arbitrary small <5 > 0 , and let Bs denote the box in the center of B with side length (1 — 6)N/r2 
for each B £ B. Write Vn,5 = Gb^bBs- Set MN,ri,r 2 ,a,s = max„gv}v^ <PN,ri,r 2 ,a,v and = 

max^eV}v^5 By dS]), one has 


lim lim 7 ^ ^N,ri,r2,o-'} 

< 5^0 N—^oo 


lim lim P(Mi^ 5 
< 5^0 N—^oo 




Therefore, it suffices to prove (f 28 |) with Mjv,ri,r2,o-,(S and Mfj replacing Mi\f^ri,r2,<7 and Mfj To 
this end, let zb be such that 


max(^jv,D = Tn,zb every B & B. 

v&Bg 


We will show below that 

lim limsupP(|MAr,ri,r2,tT,<5 - max(,5Ar,r-i,r2,fT,^sl > 1/loglogiV) 
ri,r2^oo B&B 

= limsupP(|Mi ^^^^5 -max(/?^_^_^^| > 1/loglogA^) = 0. (29) 

N—>-oo B£B 

Note that conditioning on the field {g:>N,v ■ v G Vn}, the field {ylHlf/log^^Ar^ : R G i3} is 
centered Gaussian field with pairwise correlation bounded by 0(1/ log N). Therefore the conditional 

covariance matrix of { t'n zb ■ B G B} and that of jv/rj ■ B G B} are within 

additive 0(1/log A^) of each other entrywise. Combined with (I29p . it then yields the proposition. 

It remains to prove (|29p . Write r = ri Ar 2 and let O be a constant which we will send to infinity 
after sending first N ^ oo and then r ^ oo, and let c be the constant from Lemma 13.31 Suppose 
that either of the events that are considered in (12911 occurs. In this case, one of the following events 
has to occur: 

• The event Ei = {MN,ri,r2N,5 t (mN - O, mN + O)} U g 0 {ttin - O, mN + O)}. 

• The event E 2 that there exists u,v G {r,N/r) such that (pN,u A g:>N,v > f^N — c log log r. 

• The event E 3 = E^U E^ where E 3 (E^) is the event that MN,ri,r 2 ,<j {^n as) achieved at a 
vertex v such that (pN,v < ibn — c log log r. 
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• The event S 4 that there exists v & B £ B with ipN,v >'mN — clog log r and 




> 


1 


zs — log log Af 


By Theorem 11.21 limc^oo lhnsup^^ooP(i?i) = 0. By Lemma [331 lim^^oo limsup^v^go P(£' 2 ) = 0. 
In addition, writting Tx = {v £ Vm '■ ‘fN,ri,r2,(T,v — V’N,v £ (x,x + 1)}, one has 


P (£'4 n ills) < P( max max(^7v,r'i,r2,(7,i; 

a;>clog logr—C iiSFa; > > > > 


< 


P(maX(^Ar,ri,r 2 ,(T,i; 

x>c log log r—C 


> rriN — C) 

> rriN — C) 


< E(P(max(/97v,i; > m-Ar — X — Clrj;)) 

x>c log log r—C 

x>clog log r—C 


where the last inequality follows from ([3]). From simple estimates using the Gaussian distribution 
one has E(|r 3 ;|/A^'^)^/^ < jc' where d = c' (a) > 0. Therefore, one concludes that 

lim sup lim sup lim sup P(ii '4 Ci E^) = 0 . 

C^oo r^oo N^oo 


A similar argument leads to the same estimate with E^ replacing E 3 . Thus, 


lim sup lim sup lim sup P(Fi 5 ^ n Es) = 0 . 

C—>-oo r^oo N—>-oo 

Finally, let F'^ = {u : (pN,v > "mN — cloglogr}. On the event Flf, one has |r'^| < r^. Further, for 
each V £ B Cl T'^, on E 2 one has \v — zb\ < r and thus (by the independence between {(pN,v} and 
Wn,v})^ 

- \j^r'N,ZB > 1 /log log IV) = On{1) . 

Therefore, a union bound gives that 

lim sup lim sup P (£'4 n < limsuplimsupr‘^ 07 v(l) = 0. 

r^oo N—>-oo r —>00 N—>-oo 

Altogether, this completes the proof of (|29l) and hence of the proposition. □ 


Proof of Lemma \3.1{ Define 

PN,a,v = ( 1 + 7rr%7 ] PN,v for V £Vn , and Mn^ = max ipN y . 

\ 2 log A/ veVtf 

Clearly we have M 7 v,o- = (1 + Combined with ([T]), it gives that EMat^o- = EMat + 

+ 0 ( 1 ) and that d{M]\f — EMat, Mat^o- — EMa^.ct) ^ 0 as A —>■ 00 . Further define : 

V £ Vat} as in ([ 27 ]) . By the fact that the field {'fN,a,v} can be seen as a sum of and 

an independent field whose variances are 0 ((l/logA)^) across the field, we see that EMa^.o- = 
KMff ^ + 0 ( 1 ) and that 

d{MN,a - EMjv, - EMff) ^ 0 . (30) 

Combined with Proposition 13.91 this completes the proof of the lemma. □ 
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Proof of Lemma \ 3. Si Let (j) and be i.i.d. standard Gaussian variables, and for e* > 0 let 


P\v,,N,e*,v = (1 - eV log N)ipN,v + and iPnp,N,e*,v = (1 - eV log N)pn,v + (^'kv4>N,v , 

where ('mvi^'nv chosen so that Yai ip\^^M,e*,v = Var (^up,Af,e*,i; = Var(/77v,i; + c- We can choose 
e* = e*(e) with e* ->-^^0 0 so that ]E(^lw,Ar,e*,t;V^lw,Ar,e*,n > ^Pnp,N,e*,vPnp,N,e*,u for all u,v e Vn- By 
Lemma 12.41 one has 


(i(max </?lw,Af,e*,u max ‘fi\xp,N,e*,v '^n) — 0 • 

dSVjv 'uSVjv 

Combined with Lemma 13.71 this completes the proof of the lemma. □ 

4 Proofs of Theorems 11.31 and 11.41 

In this section we assume (A.0)-(A.3) and prove Theorem 11.31 Toward this end, in Subsection 14.11 
we will approximate the field {(pN,v ■ v € Vjsr} by a simpler to analyze field, in such a way that 
the results of Section [3] apply and yield the asymptotic equivalence of their respective laws of the 
centered maximum. In Subsection 14.21 we prove the convergence in law for the centered maximum 
of the new field. Our method of proof yields Theorem 11.41 as a byproduct. 

4.1 An approximation of the log-correlated Gaussian field 

In this subsection, we approximate the log-correlated Gaussian field. Let Ri\f{u,v) = E{^n,uPn,v)- 
We consider three scales for the approximation of the field 

(a) The top (macroscopic) scale, dealing with R]\f{u,v) for |u — n| x N. 

(b) The bottom (microscopic) scale, dealing with R]y{u,v) for |u — n| x 1. 

(c) The middle (mesoscopic) scale, dealing with Rn{u,v) for 1 <C \u — v\ N. 

By Assumptions (A.2) and (A.3), Rn{u,v), properly centered, converges in the top and bottom 
scale. So in those scales, we approximate {^pn,u} by the corresponding “limiting” fields. In the 
middle scale, we simply approximate {^pn,u} by the MBRW. One then expects that this approxi¬ 
mation gives an additive o(l) error for R]\f{u,v) in the top and bottom scale, and an additive 0(1) 
error in the middle scale. It turns out that this guarantees that the limiting laws of the centered 
maxima coincide. 

In what follows, for any integer t we refer to a box of side length t as an t-box. Take two large 
integers L = 2^ and K = 2^. Consider first {ipKL,u '■ u E Vkl} in a ATL-box whose left-bottom 
corner is identified as the origin, and let S denote its covariance matrix. 

Recall that by ProDosition ll.il with probability tending to 1 as A —)• oo, the maximum of ^pn,v 
over Vm occurs in a sub-box of Vm with side length [A/iLLj • KL. Therefore, one may neglect 
the maximization over the indices in Vm \ y[N/KL\-KL- For notational convenience, we will assume 
throughout that KL divides N in what follows. 

We use S to approximate the macroscopic scale of Rn{u,v), as follows. Partition Vn into a 
disjoint union of boxes of side length N/KL, denoted Bn/kl = {Bn/kl.i (ATL)'^}. Let 

VN/KL,i be the left bottom corner of box BN/KL,i and write Wi = Let rL be a matrix of 
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dimension N'^ x iV'^ such that for u G and v G Note that is a 

positive definite matrix with diagonal terms log(it'L) + Okl{B). 

Next, take two other integers K' = 2^ and L' = 2^ . As above, we assume that K'L' divides N. 
Consider {ipK'L’,u '■ u G Vk'L'} in a K'L'-box whose left-bottom corner is identified as the origin, 
and denote by S' the covariance matrix for {(Pk'L',u '■ u G Vk’l’}- As above, assume for notational 
convenience that K'L' divides N. Partition Vm into a disjoint union of boxes of side length K'L', 
denoted Bk'l' = fo = 1,..., {N/K'L'Y}. Let vk'l'., i be the left bottom corner of B^iy i. 

Let rP be a matrix of dimension N'^ x N'^ so that 

I 0, t6 G BK'L',i,V G Bk'L'J,^ Y 3 

Note that rP is a positive definite matrix with diagonal terms log(iL'L') -|- Ok'l'Y)- 

Let ^ ^ ^n} be a Gaussian field with covariance matrix which we occasionally refer 

to as the coarse field, and let : v G Vv} be a Gaussian field with covariance matrix E^, which 

we occasionally refer to as the bottom field. Note that the coarse field is constant in each box 
Bn/kl,!: and the bottom fields in different boxes Bx'L',i are independent of each other. 

We will consider the limits when L, K, L',K' are sent to infinity in that order. In what follows, 
we denote by {L, K, L', K') ^ oo sending these parameters to infinity in the order of K',L',K,L 
(so K' :$> L' K L). 


K’L' 



Figure 2: Hierarchy of construction of the approximating Gaussian field 


Finally, we give the MBRW approximation for the mesoscopic scales. Recall the definitions 
of and Bj{v) in Subsection 12.11 and recall that {bi^k,B : A: > 0,1 < i < {KLY,B G B^} is 
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a family of independent Gaussian variables such that Yarbij^B = log 2 • 2 for all B G and 
1 < i < {KLY. For V G G BK'L',i' (where i = 1,... , {KLY and i' = 1,..., {N/K'L'Y), 

define 

n—k—i 

■CAr,-!;,MBRW = ^ ^ b^j^B ■ (31) 

j=e'+k' 

Note that by our construction {CAf,);,MBRW ^ v G Bj^jj^b Y independent of each other for 
i = 1,, {KLY, and in addition ^Ar,.,MBRW is constant over each K'L'-hox. Further, let : 

V G Viv}, : V G Vat} and {^Ar,,;,MBRW ^ v G Viv} be independent of each other. One has by 

Assumption (A.l) that 

I Var(^^^.j, + + Cn,v,mbrw) — Var ipN,v\ < 4a . 

Let be a sequence of numbers such that for all v G BBi/xL,i and all 1 < i < {KLY, 

Var(^^^^ + Yn,v a ^n,v,mbrw) + ~ fN,v + 4a . 

(Here, the sequence aN,v implicitly depends on [KL).) It is clear that 


max ttN V < ■ 

vGVn 

For V G B]\f/xB i and v = v mod K'B, one has 

o^N,v = Var ipN,v + 4a - Var (pKL,wi - Var ipK'L',v - 

= log V - log(A:L) + eN,KL,K'L' + 4a - YaT:ipK'L',v - log( A-L^a' ) ^ 0’ 

where, by Assumptions (A.2), 

lim sup lim sup e m,kl,K'L' = 0 . 

(L,K,L',K')^oo N^oo 


Therefore, one can write 


2 2 

^N,v — ^K',L',v + ^N,KL,K'L' j 


where aK’L’,v depends on {K'L',v). By Assumption (A.2) and the continuity of /, one has 

lim sup sup lim sup | Var „ — Var = 0. 

{L,K,U.,K')^oo u,v:\\u—v\\cc,^L' TV—>-oo 

Therefore, we can further require that 

\aK'L',v — CLk'L'Y < ^N,KL,K'L' for all llu — ulloo < L' . 

Let (pj be i.i.d. standard Gaussian variables. For v G Bx'L'j and v = v mod K'L', define 

^N,v = ^N,v + ^N,v + ^A^,'y,MBRW + aK'L',v4>j ■ 

It follows from (1321) and (p5]l that 

lim sup lim sup | Var ~ Var — 4a| = 0 . 

{L,K,L',K')^oo N^oo 


(32) 

(33) 


(34) 

(35) 


(36) 

(37) 

(38) 
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Finally, we partition Vn into a disjoint union of boxes of side length N/L which we denote by 
^N/L = {BN/L,i : 1 < * < as well as a disjoint union of boxes of side length L which we denote 
by Bl = {Bi^i : 1 < * < {N/LY}. Again, we denote by and VL,i the left bottom corner of 

the boxes and B^^i, respectively. 

For (5 > 0 and any box B, denote by B^ C B the collection of all vertices in B that are Sis 
away from its boundary dB (here is the side length of B). Let 

^N,S ~ bl Y^iB^/xLY b H {UiBxL,i) ■ 

One has |V^ 5 I > (1 — 100(i5)|VAr|. 

The following lemma suggests that {Cn,v '■ v € Vn} is a good approximation of {ipN,v '■ v G Vn}- 

Lemma 4.1. Let Assumptions (A.l), (A.2) and (A.3) hold. Then there exist x l K'u 

lim snp(^i^ x,u,K')^oo i™ sup^y^oo ^'n K L K' u = 0 ! such that the following hold for all u,v G ^ : 

(a) Ifu,v € Bx,i for some 1 < i < {N/L'Y, then f,N,vY-'K{ipN,u-T n,vY\ < ^n,k,l,k',l' ■ 

(b) IfuG Bx/L,i, V G Bx/L,j with i Y j, then - EipN,vTN,u\ < (^'n,k,l,K',L'- 

(c) Otherwise, - Eipx,vTN,u\ < 41og(l/5) +40q:. 

Proof, (a): Let i! be such that Bx,i C Bx'L’,i'- By (|36]l and (1^ . one has 

|E(^Ar,„ — iN,vf — ^{TKL,u-Vj^j^x ~ < ‘^^N,KL,K'L' , 

where ex,KL,K'L' satisfies (IM|l (and was defined therein). By Assumption (A.2), one has 

lim sup lim sup \E{lpxl,u-vi^j^ i, - Tkl,v-vi^^ - Tn,vY\ = 0 . 

{L,K,L',K')^oo N^cxi 

Altogether, this completes the proof for (a). 

(b) : Let i',j' be such that u G Bx/xl,i' a-iid ^ € Bx/xL,j>i and assume w.l.o.g. that K' ^ L' ^ 
K 3> L ^ 1/(5. The definition of {Cw,i;} gives 

'^f,N,viN,u = '^TKL,w^lTKL,w^l 

where Wi' = and Wj/ = Y^fxl ' case, we have \wii — Wji\ > 5K. Writing Xu = 

u/N,Xy = v/N and Uu = Wi/ / KL^y^ = Wji/KL, one obtains 

IVu -Vvl >h/L, \xu -Xy\> 6/L, \xu - yu\ < f/K, |x^ - y^ < f/K . 

Therefore, Assumption (A.3) yields limsup(i^^^i/^^/)^oo limsupjv^oo - E(pN,vTN,u\ = 0, 

completing the proof of (b). 

(c) . In this case, one has 

+ lE^Af,w,MBRW^7V,);,MBRW + erri 

= logiLL-log+(^^^) 

+ l|«-D|<iv/R:L(log jxYknJ) ~ log+ Terra 
= log N — log_,_ |m — u| T erra, 

where |erri| < So; and |erra| < 2log 1/(5 T 20 q;. Combined with Assumption (A.l), this completes 
the proof of (c) and hence of the lemma. □ 
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Lemma 4.2. Let Assumptions (A.O), (A.l), (A.2) and (A.3) hold. Then, 

lim sup lim sup d{Mjq — mjv, max — m]\f — 2 aV^) = 0 . 

(L,K,L',K')^oo N^oo '"SVjv 

Proof. By Proposition 11.11 it suffices to show that for all <5 > 0 

limsup lim sup lim sup (i( max (pN,v — "niN, max — m-Af — 2 aVU) = 0 . 

{L,K,L',K')^oo N—>-oo N—>oo 

Consider a fixed (5 > 0. Let = A\og{l/5) + 60a. Let uiw = (0, y^cr^ + 4a) and ciup = (cj*, 0). 
Define {'Pn,l’,L, ai.„,v '■ v E Pty} as in (fT^ with ri = L', r 2 = L and a = ciiw Analogously, define 
{^N,L',L,aup,v ■ V E Vat}. By ([371) and Lemma im one has for all u,v £ g, 

I ‘fN,L',L,ai^,v “ f,N,L',L,a,,^p,v\ < eN,K,L,K',L' , 

IE^Af,L,(Tup,-!)^Ar,L,(Tup,« < ^TN,L,(Ti.„,vTN,L,ai.„,u + ^N,K,L,K>,L' , 

where \\m.s\xp(^iK,L',K')^oo^'^T^^^VN^oo^N,K,L,K',L' = 0. Since {(pN,L',L,u^.,,v : v E 1 /^, 5 } satisfies 
Assumption (A.l) with a being replaced by 10a + crj, one may apply Lemma 13.21 and obtain that 

limsup lim sup (i( niax (pN,L',L,ui^,v - niax In,L' ,L,<T,,p,v - ^at) = 0 . 

{L,K,L',K')^oo N^oo 

By Lemma l3.ll (it is clear that the same statement holds for maximum over Vfj- ^), one gets 

limsup limsup d( max (pN,L',L,ai^,v — 'nriN — {<^1 + 4a)\/ d/2, max (pN,v — m-Ar) = 0 , 

(L,K,L',K')^oo N^oo reV*^g , , , w, veV^^s* 

limsup lim sup d( max iN,L',L,aup,v - "Iat - {crl)-s/d/2, max - ruM) = 0 . 
{L,K,L',K')^oo N^oo 

Altogether, this gives that 

limsup lim sup d( max (pN,v — f^N-, max — w-at — 2 aVU) = 0 . 
{L,K,L',K')^oo N^oo 

The other direction of stochastic domination follows in the same manner. Altogether, this completes 
the proof of the lemma. □ 

4.2 Convergence in law for the centered maximum 

In light of Lemma [4.2l in order to prove Theorem ll.3l it remains to show the convergence in law for 
the centered maximum of {^n,v ■ v E Viv}- To this end, we will follow the proof of the convergence 
in law in the case of the 2D DGFF given in [7j. Let the fine field be defined as = f,M,v — 
and note that it implicitly depends on K'V. As in [7], a key step in the proof of convergence of 
the centered maximum is the following sharp tail estimate on the right tail of the distribution of 
max^gs for B E The proof of this estimate is postponed to the appendix. 

Proposition 4.3. Let Assumptions (A.l), (A.2) and (A.3) hold. Then there exist constants 
Ca,Ca > 0 depending only on a and constansts Ca < /3^/ y < Ca such that 

lim limsuplimsuplimsup max Cn v —''^n/kl + z) —/3xi x\ = ^- (39) 

L'^OO N^OO KL,i ’ 


23 



Remark 4.4. Proposition |-^.3| is analogous to ^ Proposition 4-il]? ^'ut there are two important 
differences: 

(a) In Proposition \4-3\ the convergence is to a constant which depends on K',L', while in 

Proposition 4-1] the convergence is to an absolute constant a*. This is because the fine 
field ^N,v here implicitly depends on K',L', and thus a priori one is not able to eliminate the 
dependence on {K', L') from the limit. However, in the same spirit as in m the dependence 
on {K', L') is not an issue for deducing a convergence in law — the crucial requirement is 
the independence of N. Eventually, we will deduce the convergence of as K',L' —>■ oo 

in that order from the convergence in law of the centered maximum. 

(b) In Proposition 4-d], one also controls the limiting distribution of the location of the maxi¬ 

mizer while in Proposition \4.d\ this is not mentioned. This is because in the current situation 
and unlike the construction in E’ the coarse field is constant over each box 

and thus the location of the maximizer of the fine field in each of the boxes is irrele¬ 

vant to the value of the maximum for 

Next, we construct the limiting law of the centered maximum of {f,N,v ■ v G Vn}. We partition 
[0, 1]*^ into R = {KLY disjoint boxes of equal sizes. Let be as defined in the statement of 

Proposition 14.31 By that proposition, there exists a function 7 : M i—)• M that grows to infinity 
arbitrarily slowly (in particular, we may assume that 7 (x) < log log log x) such that 

lim limsuplimsuplimsup sup \z~^e'^^¥{ max Cn v —''^n/kl + z) ~ I^^K'L'\ — 

z'^CO K'^OO N^CO z'<Z<''y{K'L') 

Let be independent Bernoulli random variables with 

= 1 ) = . 

In addition, consider independent random variables such that 

nyR,^ ^x) = ^ 

Let : 1 < i < R} be an independent Gaussian field with covariance matrix S (recall that S 

is of dimension R x R). We then define 

Gr lk' l> = max Gr,* where Gr,* = gR,i{YR,i + l{KL)) + Zr,* - VU\og{KL) 
l<l<R,eH,i = l 

(here we use the convention that max0 = 0). Let fiK,L,K>,L> be the distribution of G|^ We 

note that fiK,L,K',L' does not depend on N. 

Theorem 4.5. Let Assumptions (A.O), (A.l), (A.2) and (A.3) hold. Then, 

limsup limsupd(/XAr,/iR-,L,R',L') = 0) (41) 

(L,K,L',K')^oq N^oo 

where fiR is the law of maXy^vN ^N,v — niN- 
(Note that hr does depend on KL,K'L'.) 
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Proof of Theorem li.3l Theorem 11.31 follows from Lemma 14.21 and Theorem 14.51 


□ 


Next, we give the proof of Theorem 14.51 Our proof is conceptually simpler than that of its 
analogue [71 Theorem 2.4], since our coarse field is constant over a box of size N/KL (and thus no 
consideration of the location for the maximizer in the fine field is needed). 

Proof of Theorem \4-5\ Denote by r = argmax^gv^r Applying Theorem 11.21 to the Gaussian 

fields {(,N,v '■ V € Vn} and ■ v G V^} (where the maximum of ^ '■ v € Vn} is equivalent to 

the maximum of a log-correlated Gaussian field in a KL-hox), we deduce that 

limsup limsupP(^^^ > + 7 (A:L)-b 1) = 1. (42) 

{L,K,L',K')^oo N^oo 

Therefore, in what follows, we assume w.l.o.g. the occurrence of the event 

^ ^log log log ^+j{KL) + l}. 

r 

Let £ = Ui<i<ij{max^gSjv/^^ > i^n/kl + ATT -|- 1}. A simple union bound over i gives that 

limsup limsupP(f) = 0. (43) 

(L,K,L',K')^oo N^oc 

Thus in what follows we assume without loss that £ does not occur. Analogously, we let £' = 
Ui<i<H{DR,i > KL + 1 — 7 (iLL)}. We see from the union bound that 

limsup limsupP(£l') = 0. (44) 

(L,K,L',K')^oo N^oo 

In what follows, we assume without loss that £' does not occur. 

For convenience of notation, we denote by 

^Ni= ™ax ^ - (rriN/KL + i{KL)) . 

By Proposition 14.31 there exists e* = e*{N, K, L, K', L') with 

limsup limsupe*(A", iL, L, iL', L') = 0 , 

{L,K,L',K')^oo N^oo 


such that for some |e^| < e*/4 

P(e^ < Mj,. <KL- j{KL) + 1) = P(^5H,i = 1, Yn,i <KL- j{KL) + 1), 

and that for all —1 < t < KL — 'y{KL) + 1 

nQR,i=i,yR,i < t - e*/2) < P(e^ < < t) < P(^?R,^=l, YR,i < t + e*/2). 

Therefore, there exists a coupling between {M^ ■ : I < i < R} and {^j, : 1 < * < A} such that 

on the event {£ U £'y, 


QR, 


= l,\Yn,-MU< 


if > e* 


and IYr,* - J < e* if gn^i = 1. 


(45) 
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In addition, it is trivial to couple such that for all v G -Bat/xl.i and \ < i < R. Also, 

notice the following simple fact 

limsuplimsuplimsup(mAr — ~ V^log{KL)) = 0 . 

L—>-00 K^OO N^OO 

Altogether, we conclude that there exists a coupling such that outside an event of probability 
tending to 0 as Ai —)• oo and then {L,K,L',K') oo (c.f. we have 

max (Cat,,; - tun) - Gx^l,K',L' < 2e* . 

vGVn 

Now, let t' = argmaxi<j</j Applying Theorem 11.21 to the Gaussian field and using 

the preceding inequality, we see that 


limsup limsupPlup T-'= 1) = 1. (46) 

{L,K,L',K')^oo N^oo 

Combined with (1451) . this yields that there exists a coupling such that except with probability 
tending to 0 as A" —)• oo and then (L, K, L',K') ^ oo we have 


max(^Ar,i; — m-Tv) — Gx L k',L'\ — • 

vGVn 


thereby completing the proof of Theorem 14.51 


□ 


Proof of Theorem \1.4\ Recall that G*x x' u ^ random variable with law frx,L,K',L'- We will 
construct random variables Zx,l, measurable with respect to := a{{Zx,i}), so that 


lim sup 
(L,K,L',K')^oo 




lim inf 

{L,K,L',K')^oo 


^J-K,L,K',L'{i-00,x]) 

E(e f^K',L'^K,Le ^ 


= 1. 


(47) 


for all X. To demonstrate (SZI), due to iSl), we may and will assume without loss that Qxy = 1. 
Define Sn^i := \/Mlog(ArL) — Zx,i- Then, for any real x, 


R 


P(G; 


K,L,K',L' 


< x) = E m (1 - F{qr^,Yr^, > SR,i + x- j{KL) I J-^)) 


\i=l 


In addition, the union bound gives that 


(48) 


limsupP(P) = 1 where V = { min SR^i > 2'y{KL)} . 

KL^oo l<i<R 

So in the sequel we assume that V occurs. By the definition of qr^i and Tr,^, we get that 

F{QR,^YR^i > SR,i + x- 7 (AL) I A") = /3h,L'iSR,i + ^ 0 as AL ^ oo . 

Therefore, 


exp(-(l + ex,L)^h,uSR,ie-^^^^+^^’^^) < neR,iYR,^ < Sr,^ + x- -i{KL) \ F^) 

< exp(-(l - , (49) 
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for eK,L > 0 with 


limsup eK,L = 0. 

K L —^oo 

Define Zk,l = (this is the analogue of a derivative martingale, see dH)). Sub¬ 

stituting ([1^ into (|15D completes the proof of (|^7|) . Now, combining (H71) and Theorem 14.51 we see 
that we necessarily have 

lim sup lim sup — (3* \ =0 

K'^co L'^oo 

for a number j3* that does not depend on {K',L'). Plugging the preceding inequality into (H71) . we 
deduce that 


lim sup 

{L,K,L',K')^oo 


]E(e-/3*-2x,ie-'/^"= ^ 


lim inf 

{L,K,L',K')^oo 


fJ-K,L,K',L'{{-00,x]) 
]^^Q-0*ZK,Le-'X^^ ) 


= 1 . 


(50) 


Combining (j5np with Theorem 14.51 again, we see that converges weakly to a random variable 
Z as K ^ CO and then L —>■ oo. Also note that Zk,l depends only on the product KL. Therefore, 
this implies that Z^ converges weakly to a random variable Z. From the tightness of the laws 
P-K,L,K',L', it follows that Z > Q a.s. This completes the proof of Theorem 11.41 □ 


Proof of B.emark MM Consider two sequences {y:>N,v} and {f>N,v} that satisfy assumptions (A.O)- 
(A.3) with the same functions h{x,y) and f{x) but possibly different functions g{u,v), g{u,v) and 
different constants and aoi^o- Introduce the corresponding fields 

f,N,KL,K'L' = f.N,KL,K'L' + ^N,KL,K'L’ > iN,KL,K'L' = In,KL,K'L' + ^N,KL,K'L' ’ 
see Section liTl Set also 

^ ~“c f 

f,N,KL,K'L' = f,N,KL,K'L' + ^N,KL,K'L' ' 

Let I'M, I'M denote the laws of the centered maxima max^gVj^ g^N,v — niax^gy;,, f>N,v — fnN, and 
let fiN, jlN, fi]\f denote the laws of the centered maxima of the (,N,f,N,CN fields. (Recall that the 
latter depend also on KL,K'L' but we drop that fact from the notation.) By Lemma 14.21 we have 

limsup limsup {d{gN,i^N) + d{jlN, if' n)) = 0 ■ (51) 

(L,K,L',K')^oq N^oo 

For s G M, let Ogg. denote the shift of a probability measure y on M, that is 9sg{A) = fj.{A + s) 
for any measurable set A. Recall the construction of gK,L,K',L'i see Theorem 14.51 and construct 
similarly gK,L,K',L' and fiK,L,K',L'- Note that, by construction, there exists s = s{KL), bounded 
uniformly in KL, so that 0sf'K,L,K',L' = JdK,L,K',L'- In particular, from Theorem 14.51 we get that 

limsup ym\sup{d{gN,UK,L,K',L') + d{fiN,9sfi-K,L,K',L')) ■ (52) 

(L,K,L',K')^oo N^oo 

From (15ip and (j52p . one can find a sequence L{N), K(N), K' (N), L'{N) along which the convergence 
still holds (as N —oo). Let {r]v,N} and {fiv,N} denote the fields and with this choice 

of parameters, and let fiN and fiN denote the corresponding laws of the maximum. Let g-oo, Moo 
denote the limits of /iiv and mat , which exist by theorem 11.31 From the above considerations we 
have that goo and 0s(n)P'N —^ Moo- On the other hand, the fields and both satisfy 

assumptions (A.0)-(A.3) with the same functions f,g,h and thus, interleaving between then one 
deduces that the laws of their centered maxima converge to the same limit, denoted ©oo- R follows 
that necessarily, s{N) converges and Moo = 0sgoo = ©oo- Using the characterization in Theorem 
11.41 this yields the claim in the remark. □ 
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5 An example: the circular logarithmic REM 


In the important paper m. the authors introduce a one dimensional logarithmically correlated 
Gaussian field, which they call the circular logarithmic REM (CLREM). Fyodorov and Bouchaud 
consider the CLREM as a prototype for Gaussian fields exhibiting Carpentier-LeDoussal freezing. 
(We do not discuss in this paper the notion of freezing, referring instead to [15] and to |22j.i 
Explicitly, fix an integer N, set 6k = 2'Kk/N, and introduce the matrix 

—^ ^ + (log N + W)\k=t 1 

where IE is a constant independent on N. It is not hard to verify (and this is done explicitly in |15j ) 
that one can choose W so that the matrix R is positive definite for all N] the resulting Gaussian 
field (pN,v with correlation matrix R is the CLERM. One may think of the CLREM as indexed by 
Ev in dimension d = 1, or (as the name indicates) by an equally spaced collection of N points on 
the unit circle in the complex plane. 

Let Mtv = maXtjgVj^ g^N,v The following is a corollary of Theorems 11.21 and 11.41 

Corollary 5.1. EM^r = y/^logN — (3/2\/2) loglog + 0(1) and there exist a constant (3* and a 
random variable Z so that 

lim P(Mjv - EMat < x) = E(e"^‘^^"'^"). (53) 

7V->oo 

Proof. Assumptions (A.O) and (A.l) are immediate to check. An explicit computation reveals that 
Assumption (A.2) holds with f{x) = 0 and 


Rk,e = - ^ log ^dsin^ 


( 'I _ / = ^ 

9 [u,vj log( 47 r) + |tt — u|, u^v 

Finally, it is clear that Assumption (A.3) holds with h(x, y) = log(4sin^(27r|x—y|)). Thus, Theorems 
11.31 and 11.41 apply and yields (j5^ . □ 

Remark 5.2. Remarkably, in m the authors compute explicitly, albeit nonrigorously, the law of 
the maximum of the CLREM, up to a deterministic shift that they do not compute. It was observed 
in that the law computed in m is in fact the law of a convolutions of two Gumbel random 
variables. In the notation of Corollary 15.11 this means that one expects that 2“^/^ log(/3*Z) is 
Cumbel distributed. We do not have a rigorous proof for this claim. 


Acknowledgement Remark 11.61 answers a question posed to us by Vincent Vargas. We thank 
him for the question and for his insights. 
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A Proof of Proposition 14.3 

Our proof of Proposition 14.31 is highly similar to the proof in [7J Proposition 4.1], but simpler in a number 
of places. We will sketch the outline of the arguments, and refer to [7] extensively (it is helpful to recall 
Remark |4.4I) . To start, we note that by Lemmas 12.21 and 12.41 there exists Cq, > 0 depending only on a such 

that _ 

P( max y > mN/xL + z) > CaZe~'^^ for all 1 < z < \/\ogN/KL, 1 < i < {KL^ ■ (54) 

V&BN/KL,i 

In addition, adapting the proof of ([H, we deduce that there exists > 0 depending only on a such that 
P( max y > + -z) < Caze~'^^ for all z > 1,1 < i < {KL)‘^. (55) 

^eSjV/KL.i 

Recall the definition of as in (|37ll . In what follows we consider a fixed i and a box We 

note that the law of the fine field „ : v G does not depend on K,L,i, and hence /3J-, does 

not depend on K,L,i. Write N = N/KL = 2” and L = K'L' = 2^. For convenience of notation, we will 
refer to the box Bis[/KL,i as V^y and let be the collection of all left bottom corners of L-boxes of form 

Bi j in Bpf/jiL i. In addition, write n* = = n — £, where we denote Xy^N = ^n,v,mbkw- 

For convenience, we now view each Xy^]\[ as the value at time n* of a Brownian motion with variance rate 
log 2. More precisely, we assign to each Gaussian variable in (I3ID an independent Brownian motion, with 
variance rate log 2, that runs for 2“^^ time units and ends at the value We now define a Brownian motion 
{Xy^]\[{t) : 0 < t < n*} by concatenating each of the previous Brownian motions associated with v G Sjy, 
with earlier times corresponding to larger boxes. From our construction, we see that Xy^i^in*) = Xy^]\[. We 
partition V)y into disjoint L-boxes, for which we denote Bi- Further, denote by By the L-box in that 
contains v. Define 

Ev^n{z) = {Xy^N{t) < z + for all 0 < t < n*, and max > 

n 

Fy^Niz) = {Xy N{t) < z + + I0(log(t A (n* - t)))+ + 

n 

for all 0 < t < n*, and max v — j 

Gn{z) = M M {X„_Ar(t) > z + + I0(log(t A (n* - t)))++ . 

Also define 

^N,z = ^ 1£;„,n(z) j and Fjy ^ . 

In words, the random variable counts the number of boxes in Bi whose “backbone” path Xy^]\[{-) stays 
below a linear path connecting z to roughly rriff + z, so that one of its “neighbors” achieves a terminal 
value that is at least m^y + z; the random variable Tjsr,z similarly counts boxes in Bi whose backbone is 
constrained to stay below a slightly “upward bent” curve. Clearly, Ey^N{z) C Fy^N{z) always holds, as does 

By (1571) . for each v G Sjy we can write that 

max ^ = A„_Ar + , (57) 

where {Fu,Af} are i.i.d. random variables with the same law as max„gvy ‘PL,u + o,k,l,k',l', u4> where (/) is a 
standard Gaussian variable. Crucially, the law of W,Af does not depend on N. In addition, by Proposition lI.il 
and Lemma 12.21 there exist Ca depending only on a such that 

P(P;.Ar >mi + A)< CaAe-'^^e-^“for all A > I. (58) 
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When estimating the ratio clear that for any fixed v S where the 

latter concerns only the associated Brownian motion to and the random variable W.at- As such, the 

arguments in [3 Lemma 4.10] carry out with merely notation change and give that 


A 

lim lim sup lim sup 

N^oo L 


N,: 


= 1. 


L —^oo 


N,: 


(59) 


Analogous to the proof of [3 Equation (100)], we can compare the field to a BRW and apply [3 

Lemma 3.7] to obtain that 

P(G^(^)) < . (60) 

Note that the dimension does not play a significant role in these estimates, as [3 Lemma 3.7] follows from 
a union bound calculation. The dimension changes the volume of the box, but the probability 


P(-A^ w(t) > z + + 10(log(t A (n* - t)))+ + 

n 


scales in the dimension (recall that m at depends on d) which exactly cancels the growth of the volume in d. 

The next desired ingredient is the second moment computation for A^y Note that (i) our field {Xy^N ■ 
V G Sjy} is simply an MBRW (so is nicer than its analog in [3, which is a sum of an MBRW and a 

field with uniformly bounded variance); (ii) our are i.i.d. random variable with desired tail bounds 

as in (157)) (so also nicer than its analog in [3, which has weak correlation for two neighboring local boxes). 
Therefore, the second moment computation in [3 Lemma 4.11] carries out with minimal notation change 
and gives 

r r T ^(Aa-.z)^ ^ ^ 

lim lim sup lim sup —^- = 1. (61) 

Note that in [3 Equation (90)], there is no analog of limsup^^;^ as in the preceding inequality. That’s 

^4 __ 

because we have assumed in [3 that L > 2^ . Our statement as in m is weaker as it does not give a 
quantitative dependance on how L should grow in z. But this detailed quantitative dependence is not needed 
for the proof of convergence in law. 

Combining (1511) . (1551) . (1501) and (15T1) . we deduce that 


lim lim sup lim sup 

L^oo Af->oo 


(max^gy^ >mj^ + z) 

ea" 


^N,z 


= 0 . 


(62) 


Therefore, it remains to estimate EA^y To this end, we will follow [3 Section 4.3]. We first note that by 
(154)) and ()62)) . we have 


lim lim sup lim sup ■ 


EA 


N 


L—^oc N—^oo ZC 




=->Ca, 


(63) 


where Cq, > 0 is a constant depending on a. 

The main goal is to derive the asymototics for EAyr^^. For v G 5^-, let i^„_a(’) be the density function 
(of a subprobability measure on R) such that, for all ICR, 

/ N{y)dy = P(A„ Ar(t) < z -\- for all 0 < t < n*;Xy N(n*) — in — i)mf^/n £ I). 

Ji ’ ' n 

Clearly, by (1571) . 

F{Ey^N{z)) = ( i'y^N{y)F{Yy^N>irnf,/n + z-y)dy. 

J —OO 

For a given interval J, define 


A 


v,N,z,J 


Vv,N(y)^0^-^X > irn^/n + z - y)dy . 


(64) 
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Set Ji = —p/®]. For convenience of notation, we denote hy A < B that there exists a constant 

Cc > 0 that depends only on a such that A < CaB for two functions/sequences A and B. As in [71 Lemma 
4.13], we claim that for any any sequences such that ^ £1/5, 


. r,. . r S-ueHjv + A 1 

lim lini int lim mt-- = 1. 

z^oo ^_>oo N^OO EAw,z 


(65) 


Note that, by containment, the above ratio is always at most 1. We prove (l65)l for the case when Xy^N = 0; 
the general case follows in the same manner. Application of the reflection principle (c.f. [71 Equation (28)]) 
to the Brownian motion with drift, A„_jv(‘) = Xy^iq{-) — rrif^t/n, together with the change of measure that 
removes the drift myjt/n, implies that 


^v,N 


(l/) 


for y < —£, over the given range z € (0, £) (which implies z — y>i jyj). Together with (1551) and independence 
among W.w for v G S^y, this implies the crude bound 


’^v,N{yW{Yy^N > im^/n + z - y)dy <2 ‘i" e 


for a constant Ca > 0 depending on a. Similarly, for y < z (and therefore, for z — y > 0), application of the 
reflection principle and (l58l) again implies that 

[ lyy w(?/)P(n.iv > Irnj^/n + z - y)dy < . 

Together with (l63l) . this completes the verification of (1651) . 

Next, we claim that there exists AJ^, ^ > 0 that does not depend on N such that. 


lim lim sup lim sup 


EA 


Af,2 


L-s-oo Af-^oo 


A* 

T’ 


EAw 2: 

= lim lim inf lim inf —-^— = 1. 

z—^oo L—¥oo N—¥oc> j^/ ^ 


( 66 ) 


By the reflection principle and change of measure, we get that for all y G [—£, z] (see the derivation of 
[TJ Equation (107)]) 

Vy^f,{y) = + 0{F/n)). 


i/27r log 2 


(67) 


Therefore, 


V] K,n,z,Ji = {^Y j ^'„o,w(y + 0(£/\/n))P(y„o,7V > VMlog2-£ + z-y)dy 
^ -/A- 

= (1 + 0(f>/^)) > V^l„g2.1+ ^ - v)d ,, 

where vq is any fixed vertex in Ejy and in the last step we have used the fact that n* = n — £. Recall that 
the law of Wo ,at is the same as max„gry ‘^l,u + o,k',l',u4'i which does not depend on N. Combined with 
(1551) . this completes the proof of (1551) . 

Finally, we analyze how EAw,z scales with z. To this end, consider Zi < Z 2 . For v G Sw and j = 1,2, 
recall that 

K,N,zj,zj+jj = / :^„,^(y)P(y„,Ar > + Zi - y)dy . 

J Jl+Zj 
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By (157)) , for any y € Jg and zi,Z2 -C log£, 

VvAy + > lm.^/n - y) ^ v^^ff{y + z^) ^ 0(p/n)) ^i(^i " 

Vy^fiiy + Z2 W{Y^^n y) Vv,N{y + ^2) Z2{z2 - y) 

= (1 + 0(F/n))— (1 + 22 ”^/®) . 

22 

This implies that 

= (1 + o(|3/n))fle-'^(^^-"^)(l + . 

^V,N,Z 2 ,Z 2 -\-Ji ^2 

Together with (1651) . the above display implies that 

hm hm sup hm sup- j= -= hm lim int lim int-=-= 1. 

zi,Z 2 ^co N^oc Zie“v27i-Z1EA7V,Z2 zi.Z2^-oo L-^oo N^co Zie“V27i-ziEA^^^^ 

Along with (l66l) . this completes the proof of (l39)) for some /3^, From (l54)) and (1551) . we see that Ca 
Pk' l' — for all K',L'. This completes the proof of the proposition. 
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